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INTRODUCTION 
Let us consider the class of symbols a(~, 5) which is defined in our 
paper [2]. These are complex-valued measurable functions defined for all 
x E Rn and t E Rn - {0}, such that u(o3, S) = lim,,, a(x, 8) exists and is 
bounded on Rn - {0}, verifying the estimate j a(~, 5) - U(CQ, q)] < 
c 1 6 - q 1 (I 5 / + 17 1)-l, f, 7 E Rn - (0). Furthermore, if we denote by 
a’(~, 5) the difference u(x, 5) - u(co, 0 it is the partial Fourier transform- 
with respect to x-of a function B’(h, [), defined for h E R”, 4 E R” - (0) 
which satisfies the estimates 
for any 
I w, S) - w, 711 < w I 6 - 71 I (I f I + I 17 I)-’ 
and 
6, rl E R” - IO>, AER”, 
for any 
where 
5 E R* - (01, AERn, 
s 
(1 + 1 X I”)” K(h) dh < co, p = 0, 1, 2 ,... . 
We assume also the representation formula 
a'($ f) = (2n)+i2 j e~T?'(rl, ()drl 
to be valid, for all x E R”, 6 E R” - (0). 
Let us define now, according to our paper [3, n. 4-61, two linear continuous 
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operators associated to a given symbol a(x, f), A(x, D) and &‘(x, D), mapping 
L2(R”) into itself through the formulas 
dcx, uju = 5-l [u(m, 6) zig) + (2~)+ f  SJ(~ - rl, rl) d(v) d7] 
0 
u ELyRn). (2) 
Here 2i means the Fourier-Plancherel transform of u; it belongs to L” if 
u EL2; g-r represents the inverse Fourier-Plancherel transform. We 
have only to check that a(co, 5) zi([) E L2 and J” L;‘([ - 7, E) G(v) do 
J A’(5 - 7,~) zi(y) dq belong to L2. 
The first result is obvious, because a(co, 5) is bounded measurable and 
G(t) is in L2. Then the integrants are estimated by k(f - 7) 1 G(v)]. Now 
using the fact that k E L1 and ti E L2, it follows (Theorem of Young) that 
J k(t - 4 I WI 4 is defined a.e. in 5 E R” - {O} and belongs to L2(R”). 
This implies that s / ri’(f - 7, ()I 1 ti(q)l dq < cc almost everywhere in 
4 E R” - {0}, s j a’([ - ‘I, ~)1 1 zi(q)j do too, and both belong to L2(Rn) as 
functions of 6. Consequently, both operators A(x, D) and .cLI(x, D) are well 
defined maps of L2(Rn) into itself. 
SECTION I 
In our papers [2, 31, a certain number of estimates and results were proved 
for the operator here denoted by ,.4(x, D) (following Kohn-Nirenberg [l]). 
In this section we shall give the simple proofs for the analogous results 
concerning the operator &(x, 0). The first is given in the 
THEOREM 1. Let a(x, 6) be a symbol, Q an open set in Iin, 
7 
L,2(i2) = {u E L2(R”), supp u CD}. 
Then, for any E > 0, there is a constant C, > 0 such that the estimate 
II J4? D)u llL20p) < FL + cl II u IIL2,p”) + CE II u 1/.q-112(Rn) (1.1) 
z’s verijied for any u E Lo2(Q). 
Remark. For u gL2(Rn) and s < 0, the Hs-norm can be defined by 
II u IHa = (j (1 + I 5 IT I W)12 dt)"', (1.2) 
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where zi is the Fourier-Plancherel transform. For s > 0 same definition 
holds, but ]I u jjH8 can be also co. 
Proof of Theorem 1. This estimate was proved for the operator A(x, D) 
in our paper [2, Theorem 41. Moreover, we know that estimate 
II(A(x, 0) - 4% mu Ilp < c II ¶J II84 , Vu E L2(R”) (1.3) 
holds (see our paper [3, Theorem 6.31, where a more general inequality is 
valid, and even under more general assumptions). 
Then, for arbitrary 6 > 0 we get, using (1.3), the inequality 
II 4x2 OJ lip G IlV - 4&a + II 4% qu llL2 
G c II u $-I + w, + 4 II u lip + q II u llH-I/e (1.4) 
G (C + CJ II u IIH4 + (K, + c) II u /IL2 , for any u EL02(Q). 
Naturally, we used the estimate analogous to (l.l), which was proved in 
[2] for the operator A(x, II). Note that the proof there is quite difficult and 
involved. 
Our next result is expressed in the 
THEOREM 2. Let a(x, 5) be a symbol and let us assume the inequality 
II 24 11% < 4ll4? w IId + II 24 IIf+)r vu E L2(@) (1.5) 
is verified. Then there exists a positive constant a > 0 such that 
I’,‘;r, inf I a(x, 01 > OL > 0, for any x E Rn. W-9 
Proof. We obtain from (1.5) the estimate 
II u Ilp < 4l(-pp - 0 lip + II Au lip + II u llH-l/*). 
Furthermore, using inequality Il(&’ - A) u /IL2 ,< c, II u IIH--l,s , we deduce 
II u llLs < 4~ + 1) II u l&-‘/e + II Au IlJ < ~‘(11 Au Ild + II u IIH-d 
(1.7) 
and this holds for any u ELM. Now, we may apply our Theorem 9.3 in 
[3] and get the desired result. 
We continue now with Theorem 3, corresponding to Theorem 9.2 in [3]. 
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THEOREM 3. Let a(x, E) be a symbol such that lim,,, a(xa , E,) == c0 
exists for an x0 E R” and a sequence 4, - co. Then there exists a sequence 
(v,Jx))F=, of functions in L2(R”) such that 
I! v* lip = 1, lim II VP liH4 = 0, ji+i v*(x) = 0 (1.8) 941 
in the weak topoZogy of L2(Rn) and lim,,, 11(,&(x, D) - c,,l) zlQ 11~2 = 0. 
In fact, we constructed such a sequence for the operator A(x, D). Now 
remark that this sequence is good also for the operator &(x, D). In fact. 
we have 
Both terms in the right-hand side tend to 0 as 4 + 00, by (1.8) and by 
Theorem 9.2 in [3]. 
At this stage we have the analogous of Theorem 9.4 in [3]. The proof 
works as in [3], but we use now Theorem 3 here instead of Theorem 9.2 
in [3]. 
So we have 
THEOREM 4. Let I2 be an arbitrary open ret in Rn; a(x, E) a symbol corre- 
sponding to d(x, 0); YC--the set of linear compact operators from Lo2(sZ) in 
L2(Rn). Then the following estimate holds: 
Remark. If  Q = R”, then L:(Q) = L2(Rn) and we get 
(1.10) 
Our last result in this section is given in 
THEOREM 5. Let Q be a Rellich open set in Rn, a(x, 4) a symbol corre- 
sponding to &(x, 0). We have then the estimate 
A Rellich open set is defined in [3, p. 5581. The proof here works as in 
Theorem 10.1 there, but we must use now the Theorem 1 here. 
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SECTION 2 
In this short section, we restrict ourselves to the class of very regular 
homogeneous symbols introduced by Kohn-Nirenberg in [l]. For this class 
of symbols and for the operator A(x, D), these authors proved in [I, 
Lemma 6.11 a form of Girding’s inequality in the whole space. In our paper 
[3, Theorem 8.21 we proved a similar inequality for the case of bounded 
domains. Here we give the corresponding result for the operator &‘(x, D). 
We have in fact the following 
THEOREM 6. Let Q be a bounded open set in Rn and a(x, e) a Kohn- 
Nirenberg symbol (us in [l, n. 31). Let us assume that for a real number c,, , the 
estimate Re a(x, 5) > cs , Vx E Q and 1 8 1 = 1 is verified. Then for any E > 0 
there is a constant y(e) such that the estimate 
ReWe(x, W, ulL2 + ~(4 II u Il~-I/a 3 (co - l 1 II u Iii2 (2-l) 
is satis$ed, Vu E L,2(Q). 
Proof. We have the equality 
Re(d(x, D)u, u)~~ = Re((d - A)u, u)~* + Re(Au, u)~* . 
Given E > 0, consider the constant n(e) given by Theorem 8.2 in [3]. We 
have then 
Re(-+, W, ulLa + ~~(4 II u llk-1/2 
3 (co - c) II u I& + Re((d - 0, u)~* , vu E L,2(Q). 
Now, for u E L2, (Se - A) u E Hr (Theorem 6.3 in [3]). Moreover for u E H112, 
and v E L2 C H-li2, we have j(u, V)~S I < /I u IjH1,~ 11 v IJH-l,a. Then we obtain 
I Re((d - -+, ulL2 I < I((& - -+, dL2 I 
< ll(JJ - 4u ll,l/Z II u II&2 < c II u II;-112 (2.2) 
(again by 6.4 in [3]). 
Consequently, we get 
Re(P’ - A)u, uJLa > --c II u II~-u~ , 
In this way we obtained 
Vu E L2(Rn). 
R&4x, % ulL2 + (Ye + 4 I/ u II& 3 (c, - l ) II u Ili2 , 
Vu E Lo2(Q). (2.3) 
So the Theorem is proved with y(c) = ~~(6) + c. 
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